The problem of vibrations of fluid-conveying pipes resting on a two-parameter foundation model such as the Pasternak-Winkler model is studied in this paper. Fluid-conveying pipes with ends that are pinned-pinned, clampedpinned and clamped-clamped are considered for study. The frequency expression is derived using Fourier series for the pinned-pinned case. Galerkin's technique is used in obtaining the frequency expressions for the clamped-pinned and clamped-clamped boundary conditions. The effects of the transverse and shear parameters related to the PasternakWinkler model and the fluid flow velocity parameter on the frequencies of vibration are studied based on the numerical results obtained for various pipe end conditions. From the results obtained, it is observed that the instability caused by the fluid flow velocity is effectively countered by the foundation and the fluid conveying pipe is stabilized by an appropriate choice of the stiffness parameters of the Pasternak-Winkler foundation. A detailed study is made on the influence of Pasternak-Winkler foundation on the frequencies of vibration of fluid conveying pipes and interesting conclusions are drawn from the numerical results presented for pipes with different boundary conditions.
INTRODUCTION
The design of a pipeline transporting fluids involves not only strength calculations as per the specified codes, but also analysis of the behaviour of the pipeline under different operating conditions. The latter part is not fully covered in the various design codes. Vibration and stability analysis of such pipelines is an important part of the design process. The technology of transporting fluids, through long pipelines, covering different types of terrain, has to take into consideration the dynamic aspects of the system, most fundamental of which is the natural frequency. It is known from previous work that as the fluid velocity is increased to its critical value, the natural frequency of the pipeline tends to zero. Literature abounds with various analysis techniques for different end conditions and different models of the fluidconveying pipeline. A brief survey of the relevant literature, is presented in a recent paper by Chellapilla and Simha [9] , in 2007. Of particular interest are the papers by Gregory and Païdoussis [1] , in 1966 and Païdoussis and Issid [2] in 1974, which have dealt with the issues of stability of pinnedpinned, clamped-clamped and cantilevered fluid-conveying pipes, even in the presence of a tensile force and a harmonically perturbed flow field. However, all the above studies did not consider elastic foundation conditions.
In practice, long, cross-country pipelines rest on an elastic medium such as a soil, and hence, a model of the soil medium must be included in the analysis. The Winkler *Address correspondence to this author at the Narsimha Reddy College of Engineering, Dhulapally, Medchel, Andhra Pradesh, India; Tel: 0091-40-23811623; E-mail: chellapilla95@gmail.com model, in which soil is represented by a series of constant stiffness, closely spaced linear springs, is a very popular model of the soil employed in many studies, perhaps because it is simple a linear model. Many researchers, Stein & Tobriner [3] , Lottati and Kornecki [4] , Dermendjian-Ivanova [5] and Raghava Chary et al. [6] studied fluid-conveying pipes resting on elastic foundation. Recently, in 2002, Doaré et al. [7] studied instability of fluid conveying pipes on Winkler type foundation. In all these studies, the soil was modeled as a Winkler foundation model. However, a real soil medium is more complex in its elastic behaviour. To address the deficiencies of a Winkler model, the two-parameter foundation models were developed in which, an interaction between the springs of the Winkler model is included to obtain a more realistic model of the soil. The Pasternak model is one such formulation. In the Pasternak model, an incompressible shear layer is introduced between the Winkler springs and the pipe surface. The springs are connected to this shear layer, which is capable of resisting only transverse shear, thus allowing for "shear interaction" between the Winkler springs. There is a good amount of literature on the analysis of fluid conveying pipes resting on one-parameter elastic foundation models like the Winkler model, and also on the behaviour of beams on twoparameter foundations. Elishakoff & Impollonia [8] , in 2001, analysed the stability of fluid conveying pipes on partial elastic foundation, considering both Winkler and rotary foundations. Very recently, Chellapilla and Simha [9] , in 2007, studied the effect of a Pasternak foundation on the critical velocity of a fluid-conveying pipe.
In this paper, the above work is extended to the study of the effect of the Pasternak foundation on the natural frequen-cies of the pipeline for the pinned-pinned, clamped-clamped and clamped-pinned boundary conditions. Two-term Fourier series solution is obtained for the pinned-pinned condition while the two-term Galerkin method has been employed to get results for the other two cases. The paper is organized in the following way: First, fundamental frequencies of the pipe without fluid flow and resting on a two-parameter elastic foundation are obtained and compared with those of a similar beam. Next, fluid with flow velocity is introduced and analysed for different conditions. Results are presented showing the variation of natural frequencies for various values of the foundation stiffness parameters, flow velocities and mass ratios.
THEORETICAL DEVELOPMENT
In the development of the equations governing the motion of the pipeline, the assumptions made are the following -The pipe is long and straight, thus facilitating the use of Euler-Bernoulli beam theory; the motions are small so that the system can be analysed by the linear theory; and, the effects of internal pressure and external forces are neglected in the analysis. The equation of motion for a fluid-conveying pipe of length L with lateral displacement w, resting on a two-parameter foundation shown in Fig. (1) of reference [9] is given by:
In the above equation, A is the mass of pipe/unit length, v is the steady flow velocity of fluid, E is the modulus of elasticity of the pipe material, I is it's moment of inertia, M is the total mass of pipe plus fluid/unit length, k 1 represents the Winkler foundation stiffness parameter and k 2 represents the additional shear constant parameter of the foundation. In Eq. (1) above, the first term accounts for the elastic force, the second term represents the inertia force due to the acceleration of the pipe with fluid, the third, the inertia force of the fluid flowing in a curved path, the fourth term represents the inertia force due to Coriolis acceleration and the last term is due to the Winkler foundation. The free vibration solution for three simple boundary conditions is obtained in what follows.
Pinned-Pinned Pipe
The boundary conditions for a pinned-pinned pipe are
Taking the solution of Eq. (1) 
where K is the stiffness matrix whose elements are enumerated in [6] , I is the identity matrix and a T ={a 1 ,a 2 ,…..,a n }. Setting the determinant of the coefficient matrix above equal to zero and retaining the first two terms of the above equation, we get the frequency equation, Eq. (5), making use of the following non-dimensional parameters: 
Clamped-Pinned and Clamped-Clamped Pipe
The boundary conditions for a clamped-pinned pipe are
And those for a clamped-clamped pipe are
We assume the deflection of the pipe to be of the form
In Eq. (8),
given by [10] :
In the above equation, r is the frequency parameter of the pipe without fluid flow, which is considered as a beam, and it's values are: 
Minimizing the mean square of the residual n L over the length of the pipe using Galerkin's method,
Substituting Eq. (9) and using the non-dimensional parameters, we obtain,
where the derivatives of are with respect to . The above equation is multiplied by s and using the orthogonal property of the eigenfunctions and the values of the resulting integrals from Felgar [10] , the following infinite system of equations in a r is obtained.
Setting the resulting determinant of the coefficient matrix to zero and using only the first two terms, we have the following frequency equations in j :
For the clamped-pinned case it is:
For the clamped-clamped case it is:
In Eqs. (14) and (15), the constants C 11 etc. are integral values, which are taken from Felgar [10] and reproduced in Tables 1 and 2 . The above equations are quadratic in j 2 , and solving for j , we obtain the fundamental frequencies for the clamped-pinned and clamped-clamped cases respectively.
RESULTS AND DISCUSSION
The results are presented for the following cases: a) Nofluid, no-flow, pipe on two-parameter elastic foundation; b) Fluid conveying pipe -no foundation; c) Fluid conveying pipe -Winkler foundation only and d) Fluid conveying pipe -both Winkler and Pasternak foundations. Comparison has been made with available literature wherever possible and new results have been presented for fluid conveying pipes on two-parameter foundation. For the pinned-pinned boundary condition, numerical results have been obtained considering the first two terms of the equation resulting from using Fourier series. It is assumed that the mode shapes of the pipe will not change with fluid flow and hence, for the clampedpinned and the clamped-clamped boundary conditions, the modes that are assumed in the present work are for a pipe without fluid flow (beam). 
fundamental frequencies with those obtained by Chen, et al. [11] . It is seen that the present results are in very good agreement with those of Chen, et al. In Fig. (1) , the fundamental frequency parameter 1 is plotted against Winkler foundation parameter 1 for varying values of the Pasternak foundation parameter 2 , for the pinned-pinned case. The results show that the frequency increases appreciably for values of 1 greater than 1000.
Figs. (2, 3) show the results for the clamped-pinned and the clamped-clamped boundary conditions respectively. Here, too, the trend is similar.
Case 2: Fluid Conveying Pipe : No Foundation
Results for a pipe with fluid flow have been presented for no foundation and compared with available literature. Table  5 shows the values of the first two frequency parameters 1 and 2 for a pinned-pinned fluid-conveying pipe. In this table, values of the velocity parameter are varying from zero to the critical value for different values of the mass ratio parameter , with both 1 and 2 = 0. The critical flow velocity for each case has been computed following the method given by Chellapilla & Simha [9] . Fig. (4) shows the variation of the frequency parameter 1 Table 8 shows some representative values of 1 for different values of and the Winkler foundation parameter 1 for all the three boundary conditions. Fig. (5) shows the plot of 1 versus V for different values of the mass ratio and 1 for the pinned-pinned boundary condition. As expected, the Winkler foundation has a stabilizing effect in the pipe and increasing values of 1 tend to increase both the critical flow velocity V cr and the fundamental frequency 1 . Figs. (6,7) show the plots for clamped-pinned and the clamped-clamped cases respectively. A similar trend is noticed in these cases also. These results compare very well with those of Raghava Chary et al. [6] . Integral Values b 12 , C 11 , C 22 , C 12 , C 21 Fig. (4) . Pinned-pinned pipe, no foundation: Influence of on 1 for various values of V. Table 9 tabulates the fundamental frequency parameter 1 for various values of 1 , 2 and V and for =0.1 and 0.5, for the pinned-pinned condition. Fig. (8) shows the effect of the second foundation parameter on the fundamental frequency as well as on the critical flow velocity for the pinned-pinned boundary condition. A comparison for values of 1 = 100, 500 and 1000 shows that with increasing values of 2 , both 1 and V increase significantly. The figure also shows that higher critical velocity is obtained by only increasing 2 , without increasing 1 .
T hese results are for a mass ratio =0.1. In Figs. (9,10) , the variation of 1 with V for 1 = 0 and different values of 2 and , for the pinned-pinned boundary condition is shown. This corresponds to the case where there is no Winkler component in the foundation and only the shear parameter is present. It is seen that as the shear parameter is increased, the frequency parameter increases appreciably, indicating that the shear constant of the foundation has a significant role in the vibration characteristics of the fluid conveying pipe. This is especially more pronounced as the shear parameter increases beyond 2.5, where a very high increase in the fundamental frequency as well as the critical velocity is observed. It is also seen that for values of 2 greater than zero, increasing values of the flow velocity diminishes the effect of mass ratio . 
CONCLUSIONS
In this work, natural frequencies of fluid-conveying pipes resting on two-parameter foundation have been computed. Three ideal boundary conditions, viz. pinned-pinned, clamped-pinned and clamped-clamped, were considered for analysis. A two-term Fourier series solution was adopted for the pinned-pinned case while a two-term Galerkin method was utilized to obtain solutions for the other two cases. a.
An attempt was made to validate the present formulation of the problem, by first considering the no-fluid, no-flow condition. The results obtained for this pipe on two-parameter foundation, which is nothing but a beam, have been compared with those of Chen, et al. [11] . There is very good agreement between the results and the maximum variation is 3.477% which is Tables 9, 10 and 11. The effect of the Pasternak foundation parameter on the fundamental frequency is clearly brought out in Figs. (8-10) . The second foundation parameter 2 tends to increase the fundamental frequency as well as the critical flow velocity for the same Winkler constant 1 . The effect of 2 may be interpreted in the following way: A pinned-pinned fluid conveying pipe, which is the weakest as far as stability is concerned, acquires the stability of a clampedclamped pipe by increasing the shear parameter of the foundation. Also, it is found that as the flow velocity increases, the effect of the mass ratio diminishes. 
